We report experimental and numerical results from investigations into the onset of novel localized cellular states in the centrifugally stable regime of Taylor-Couette flow at sufficiently high rates of counter-rotation of the outer cylinder. Quantitative comparison is made between experimental results and those obtained from numerical bifurcation studies of the steady axisymmetric NavierStokes equations. The onset of the vortices is smooth but they appear over a narrow range of Reynolds number. This enables the use of a suitable measure to produce excellent quantitative agreement between calculation and experiment. The numerical methods are also used to uncover evidence for a homoclinic snake which indicates rich multiplicity in the steady solution set. © 2010 American Institute of Physics. ͓doi:10.1063/1.3326076͔ Multiplicity of states is an interesting aspect of nonlinear physical systems which has been the focus of research in a number of areas of fluid dynamics including plasmas, 1 atmospheric dynamics, 2 rotating flows, 3,4 convection, 5-7 and flow in porous media 8 and in elastic tubes. 9, 10 The majority of these investigations have been carried out in parameter regimes where the base state is unstable and pattern formation instabilities 11 are prevalent. In these situations the multiple fixed points are believed to form the backbone of more complicated motions found in neighboring parameter ranges.
Multiplicity of states is an interesting aspect of nonlinear physical systems which has been the focus of research in a number of areas of fluid dynamics including plasmas, 1 atmospheric dynamics, 2 rotating flows, 3, 4 convection, [5] [6] [7] and flow in porous media 8 and in elastic tubes. 9, 10 The majority of these investigations have been carried out in parameter regimes where the base state is unstable and pattern formation instabilities 11 are prevalent. In these situations the multiple fixed points are believed to form the backbone of more complicated motions found in neighboring parameter ranges.
More recently, multiplicity has been uncovered in the form of localized states of spatially extended systems in problems arising in nonlinear optics, 12 magnetic fluids, 13 binary mixture convection, 14 and models of cardiovascular calcification. 15 These states arise on a so-called "homoclinic snaking" branch 16, 17 which bifurcates subcritically from a trivial state. Each fold in the snake corresponds to different spatially localized state so that, in principle, a large number of states can coexist.
Here we report the experimental and numerical results on the spontaneous appearance of novel steady vortex states which appear below the well-known centrifugal instability of counter-rotating Taylor-Couette flow toward timedependent, nonaxisymmetric spiral vortices. 18 The novel type of vortices presented here is steady and axisymmetric and has a much smaller length scale than classical Taylor cells. Excellent agreement is found between the results of the experimental observations and the numerical calculations and we also use the numerical techniques to provide evidence for homoclinic snaking.
The experimental measurements were performed in a Taylor-Couette apparatus with a rotating inner ͑radius r i ͒ and counter-rotating outer ͑r o ͒ cylinder and nonrotating end walls at the top and bottom. Hence the flow took place in the annular gap between the two cylinders which had an axial length L. The control parameters were the Reynolds number of the inner and outer cylinders Re We utilize laser-Doppler velocimetry ͑LDV͒ for measurements of either the axial ͑v z ͒ or the radial component ͑v r ͒ of the velocity at selected positions in the flow domain. The positioning accuracy of the LDV system in the flow is 10 m in each direction but the spatial resolution is limited by the size of the measurement volume, i.e., about 300 and 800 m in axial/radial and in azimuthal direction, respectively. Our LDV allows measurements of velocities from 10 m s −1 to 10 cm s −1 . The accuracy can be improved by averaging in steady flows.
In the numerical calculations, the steady Navier-Stokes equations with no-slip boundary conditions were solved for axisymmetric flows using the software suite ENTWIFE. 19 Standard procedures enabled the continuation of solution branches and calculations of bifurcation points enabled paths of saddle nodes to be followed as a function of the control parameters together. The computational domain was a full cross section of the annular gap between the two cylinders with stationary end walls. The full domain was discretized using a 240ϫ 10 and 200ϫ 20 finite-element mesh which was uniform over most of the domain. Suitable corner refinements were employed to take into account the rapid change in velocity between the moving and stationary walls in the corners. The finite elements were nine-node quadrilaterals with biquadratic velocity and discontinuous linear pressure interpolation. As a check on accuracy, the number of elements in each direction was doubled, and this produced less than a 0.01% change in the calculation of a saddle-node bifurcation point.
In many studies of Taylor The onset of the new state was initiated by the appearance of weak streamwise vortices close to the axial midplane, as in the example shown in Fig. 1͑b͒ for ⌫ = 12. It can also be seen that a 20% increase in Re i,o resulted in the formation of a column of almost equally sized streamwise vortices. They extend across approximately 25% of the gap at Re i,o = ͑408, −2040͒ and spread preferentially along rather across the gap with increasing Re i . Hence, the vortices shown in Fig. 1͑c͒ spread along the cylinder but remain close to it. In practice, this makes the flow visualization of the streamwise vortices difficult.
The development of the localized cellular state with Re i is illustrated in Fig. 2 . Here, axial profiles of the radial ͓͑a͒ and ͑b͔͒ and axial ͑c͒ velocity are shown for fixed Re o = −116.6 and a range of Re i at ⌫ = 4. Since the vortices appeared close to the inner cylinder, profiles measured within the interval I = ͑r = r i + 0.08, = const, z ͓0.15: 3.85͔͒ provided a good estimate of the flow state.
Two pronounced outward jets can be seen to emerge symmetrically about the midplane when Re i is increased, shown in Figs. 2͑a͒ and 2͑b͒. This can also be seen in axial velocity profiles depicted in Fig. 2͑c͒ . The numerical investigations reveal that the cellular states emerge with increasing Re i without passing through a bifurcation point, but the observed qualitative change in the flow pattern occurs over a well-defined small range of Re i .
A quantitative measure which was found to provide a good estimate of the onset of cellular motion is related to the spatial mean of a squared velocity component, i.e., k n ϵ͗v n 2 ͑r ជ I͒͘ with n = r , z. Below the onset k n is found to increase linearly which results from a strengthening of the large-scale circulation with increasing Re i . The onset of cellular states is determined from the departure from this linear growth, i.e., by ␦k n ϵ͑k n − k n ͒ / K n . Here, k n ϵ ␣ Re i + k 0 is obtained from a linear fit to k n within an interval of Re i below the onset, e.g., within Re i ͓90: 99͔ for the measurement presented in Fig. 3 , and K n ϵ͓͚ Re i =90 120 ͑k n − k n ͒⌬ Re i ͔ is a normalization constant which was necessary to enable comparison between numerics and experiments. Note that in the experiment K r = K z to within the measurement errors.
In Fig. 3 the normalized difference ␦k n obtained from The novel flow states we have uncovered consist of axisymmetric vortices which emerge close to the inner cylinder when Re i is increased above a relatively well-defined but noncritical value. Close to the onset, the streamwise vortices are located in the vicinity of the axial midplane, but at higher Re i they spread in the axial direction so that a vortex column is formed over the length of the cylinder. The new states appear in the presence of large-scale weak circulations which are a feature of finite-length effects in counter-rotating Taylor are performed on an axially periodic domain where the base state is rotary Couette flow. Hence the background circulation is an important and salient feature of the flow. This aspect makes them distinct from other examples of homoclinic snaking which have been reported to date. 16, 17, 21 Moreover, the new states appear significantly below the centrifugal instability of counter-rotating Taylor-Couette flow. The multiple localized states presented here provide a novel class of solutions to counter-rotating Taylor-Couette flow which are likely to be present in addition to the nonaxisymmetric spiral vortices in any experiment. The latter states are recognized as the predominant primary flow state within the counter-rotating regime. 18 Multiplicity of these localized states is found in the form of homoclinic snaking, indicating that a rich solution structure exists in the experiment where stability is indicated from models based on periodic domains.
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